BRAID GROUPS IN COMPLEX PROJECTIVE SPACES 



BARBU BERCEANU ' , SAIMA PARVEEN 



Abstract. We describe the fundamental groups of ordered and un- 
ordered k— point sets in CP n generating a projective subspace of di- 
mension i. We apply these to study connectivity of more complicated 
configurations of points. 

1. INTRODUCTION 

Let M be a manifold and J- k {M) be the ordered configuration space of 
k distinct points {(x±, . . . , x k ) € M k \x{ ^ Xj, i ^ j}. There is a proper 
right action of the symmetric group of order k, on J- k {M). The orbit 
space J- k (M) /"S k is the unordered configuration space, denoted C k (M), and 
the natural projection J- k {M) — > C k (M) is a regular covering. For a simply 
connected manifold M of dimension > 3, the pure braid group iri(J r k (M)) 
is trivial and the braid group iri(C k (M)) is isomorphic to as an exam- 
ple, 7Ti(J-k{CP k )) = 1 for k > 2. In low dimensions there are non trivial 
pure braids. The pure braid group of the plane, denoted by VB n , has the 
presentation [F] 

ttxOF^C)) = VB n (aij , l<i<j< n\(YB3) n , (YB 4) n ) 

where the Yang-Baxter relations (yi? 3) n and (yi? 4) n are, for any 1 < i < 
j < k < n, 

(YB3) n : aija ik aj k = a ik a jk aij = a jk aija ik 
and, for any l<i<j<k<l<n, 

(YB4) n : [a k i,ctij] = [an,a jk ] = [a.jua~ k l a.i k aj k ] = [ajua k ia ik Q^l\ = 1. 

The braid group of the plane, denoted by B n , has the classical Artin pre- 
sentation p[] 

7Ti(C n (C)) = B n = (o- h i = l,...,n- l\(A) n ) 
where the Artin relations {A) n are 



(A)r 



(JiOj = (JjOi, V i,j = l,...,n — l with \i — j\ > 2, 
OiOi+\Oi = a i+ iaia i+ i for i = 1, . . . , n - 2. 
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The pure braid and the braid groups of S 2 w CP 1 have the presentations 

mm 

7n(J- fc+1 (5 2 )) <= (oij-,1 < i< j <& |(rS3) fcl (F£4) fe ,L>| = 1) 

7ri(C fe+ i(5' 2 )) = (ai,l < i < k\(A) k+1 , axoi...o\...Giax = l), 

where D k = ai 2 ai 3 a 2 3 ■ ■ ■ Q-ik ■ ■ ■ a k -i,k- 

The inclusion morphisms VB n — > B n for C and CP 1 are given by (see 

2—1 —1 

a ij ^ °"i-i cr j-2 • • • Ci+iO'iO'j+i . . . o.-_ x 

(due to these inclusions, we can identify the pure braid D k with A?, the 
square of Garside braid). 

Using the geometrical structure of projective spaces we stratify the config- 
uration spaces F k {CP n ) and C k (CP n ) with complex submanifolds as follows: 

n 

T k {CP n ) = \\T^ , 
i=i 

where J-V is the ordered configuration space of all k points in CP n gener- 
ating a subspace of dimension i, and 

n 

C k (CP n ) =]J4' n , 

i=l 

where C k is the unordered configuration space of all k points in CP n gen- 
erating a subspace of dimension i. Obviously, C k n = J 7 ^™ /T, k . 

Theorem 1.1. The spaces F k n are simply connected with the following 
exceptions 

(1) for k>2, 

M^t'+i) = i^ij, 1 < i < j < k\{YB3) k , (YB4) k ,D 2 k = l); 

(2) fork>3 and n>2, 

M^l+i) = (aij, 1 < * < J < k\(YB3) k , (YB 4)^, D k = l). 

In this list of non simply connected spaces, only J 7 ^' 1 has finite funda- 
mental group and this is isomorphic to 

Corollary 1.2. The first homology groups ^(J 7 ^'™) are trivial with the 
following exceptions 

(1) for k>2, H x {T l k 'l x ) = Zi")- 1 Z 2 ; 

(2) fork>3 and n > 2, fliC-F^) = Z® -1 . 

Theorem 1.3. The fundamental group of C k is isomorphic to T, k with the 
following exceptions 
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(1) for k>2, 

Ki(C k +l) ~ ■ ■ - a k\(A) k , o\...o\...o-\ = 1); 

(2) fork>3 and n>2, 

ni(. c k+i) ~ ( <J i--- <J k\{A)k, a 1 ...al...a 1 = l,Al = l), 
where A& = <7i<72cria"3CX2Ci . . . Uk-i • • • ci- 

The space C^ n has a finite fundamental group only for 2 < i < min(fc + 

l,n), and in this case 7ri(C^' n ) = and also ki(C\' 1 ) is the dicyclic group 
of order 12. 

Corollary 1.4. The homology groups H\(C l £,^) are isomorphic to TL 2 with 
the following exceptions 



;i) fork>2, H 1 (c£ 1 ) = z 2t 



( 2 ) /or t > 3 -i»> 2, ffl( o = { |/;;V= 

V.L. Moulton studied in |M2| a related problem: braids for m points in 
general position in CP n (any subset of n + 1 points spans CP n ) and the 
analogous affine problem. The only intersection of this paper with [M2| is 
the simply connectedness of F^+i C^n+i m Moulton notations). 

Section 2 contains the geometrical part of the paper: local triviality of 
some natural fibrations associated to J-t and and also in this section 
we meet the pure braid A| (A^ is the fundamental Garside [G] braid in £>&) 
playing the main role in homotopical computations (see Lemma 1 2 . 1 2 1) . 

The proofs of Theorems 11.11 and 11.31 and their Corollaries are given in 
Section 3. 

In the last section we compute the fundamental groups of V, Pappus' 
configuration space. 

Theorem 1.5. The fundamental group ofV is isomorphic to F2 x F2. 

(F n is the free group with n generators). 

In the Appendix one can find some words representing A n and D n = A^. 

2. Local triviality of geometric fibrations 

We begin with some simple remarks on the stratification with complex 
submanifolds 



J- fc (CP") = ]J^' n . 



i=l 

Remark 2.1. (1) 7^ if and only if i < mm(k + l,n); 

(2) F 1 / = F^CP 1 ), F^ n = F 2 {CP n ); 

(3) the adjacency of the strata is given by 
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Grasmannian manifolds are related to the spaces J^ n through the follow- 
ing fibrations: 

Proposition 2.2. The projection 
given by 

(xi, . . . , x k ) i->- i — th dimensional space generated by {x±, x 2 , ■ ■ ■ , x k } 
is a locally trivial fibration with fiber J^jf . 

Proof. Take V € Or* (CP 71 ) and choose L € Gr n ^ i ~ 1 (CP n ) such that 
Lo fl Vo = and let define Ul , an open neighborhood of Vo, by 

U Lo = {V £ Gr l {CP n )\L n V = 0}. 

Take A; distinct points (xi, . . . , x k ) in Vo such that span(a?i, . . . , x k ) = V$. 
For any arbitrary i-plane V in Ul q , define the projective isomorphism 

ip v :V ^ V, ip v (x) = (x V L ) D V. 
The local trivialization is given by the homeomorphism 

f :^-\U Lo )^U Lo xT k (V ) 
y = (yi,...,y k ) ^ ( 7 ( yi , . . . ,y k ), ( yi ), . . . , ^ (y fc ))) 
(where ^(Vb) ~ J^ 1 ), making the diagram commutative 

^(U Lo ) 1 - WioXTj* 




Z4 □ 



Corolfefi^^p.) Ih&^n^^x+d^n^^tfye^tgptp StyfipM). 

Proof. T]f is a Zariski open subset in (CP z ) k for k > i + 1. □ 

Lemma 2.4. TTie projection 

P ■ ^k+i — > Ft~ l ' k , (xi, . . . ,x k+1 ) i-> (xi, . . . ,x fc ) 

is a locally trivial fibration with fiber CP k \ CP k " 1 « C fe . 

Proof. Take (x°, . . . , x° +1 ) € and fix x° +2 such that any k + 1 points of 

the set {xi, . . . , x° +1 , x^ +2 } are independent. Define the open neighborhood 
Uoi «...,x°)by 

W = {(xi, . . . , Xfc)| the set {xi, . . . , x k , x^. +1 , x° +2 } is in general position}. 
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There exists a unique projective isomorphism T^ Xlt ... )Xk ) '■ 

CP k — > CP k , 

which depends continuously on (xi, . . . , x k ), such that 

T(xi,...,x k )( x li ■ • • ; x %i x k+l> x °k+2) = • • • ! x ki x k+l> x k+2) 

(see jBlj ), We can define the homeomorphisms cp,tp by : 
p- l (U)^U x (CP fe \span{x?,...,^}) 

lf(Xl,. ..,X k ,x) = ((xi, . . . jXjt),^^^^)) 

. . .,x k ),y) = (x u . . ^XfaTfa^^y)) 
satisfying pr\ o ip = p . □ 

Remark 2.5. More generally, the projection 

-Y-k.n -j--k—l,n , \ I \ 
y T k > (?l,...,X k +l) ^ (Xl,...,Xk) 

is a locally trivial fibration with simply connected fiber CP n \ CP k ~ 1 . 

Proof. The proof is similar to the previous one: take (x®, . . . , x° +1 ) G T^ n 
and fix x^ +2 , .., x ° n+ 2 such that any n+1 points of the set {x^, .., x® +1 , .., x° +2 } 
are independent. Define the open neighborhood U of (x\, . . . , x°) by 

U = {(x%, . . . , Xk)\ the set {xi, .., x k , x t+iJ ••> x n+2} is i n general position} 

and construct the trivialization as in Lemma 12.41 The fiber CP n \ CP fc_1 
is simply connected because the real codimension of CP k ~ 1 is > 4 (for 
k < n — 1) and it is contractible for k = n. □ 

Let A = (Ai, . . . , Ap) be a sequence of subsets of {l,...,k} and the 
integers d%, . . . , d p given by dj = \Aj | — 1, j = 1, . . . ,p. Let us define 

T^ n = {(xi, ...,x k )€ P k (CP n )\ dim < ^ >ieA= dj}. 

Example 2.6. (1) If A = {Ax}, A x = {!,.. . , k}, then T^ n = j£~ 1,n . 

(2) z/ a// /iaue cardinality \Ai\ < 2, then P^' n = F k (CP n ). 

(3) i/p > 2 and \A p \ < 2, then jr( A u-A P ),n = F (A u ...,A p ^),n _ 

(4) ifp > 2 and A p C Ai, toen j< Al >-A>)," = j-^i.-..,A P -i),n_ 

(5) ^ n = U{^' n k = {^}^e(V } )}- 

(6) Y k n = n{-^ 4 ' n |^ = {^}, A G «s toe space analyzed by 
Moulton in [M2] . 

Lemma 2.7. For A = {1, . . . , i + 1} and fc > i + 1 the map 

Pa ■ Fl A} ' % -> P\ii, (xi,... ,x k ) i— > (xi,... ,x i+ i) 
is a locally trivial fibration with fiber J-fc_j_i(CP* \ {xi, . . . , Xj+i}). 
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Proof. Choose Zi +2 G CP* in general position with the set (x±, . . . , Xi+i) and 
define the neighborhood 14 of (x±, ... , Xj+i) G T\+ x by U = {(yi, ■ ■ ■ , Ui+i) G 
•^i+il • • ■ > J/i+i) z i+2) are in general position}. There exists a unique pro- 
jective isomorphism F y : CP* — > CP 1 , which depends continuously on 
y = (yi, . . . such that 

Pj^xi, . . . ,x i+1 ,z i+2 ) = (yi, ■ ■ .,y i+ i,z i+2 ) 
and this gives a local trivialization 

/ : PXHU) -+Ux Tk-^CP 1 \{ Xl ,.. .,x i+1 }) 

(yi,---,yk) {(yi,---,yi+i),Fy 1 (yi+2,---,yk)) 

which satisfies pr\ o f = P A . □ 

Remark 2.8. If k = i + 1, then Pa is the identity map. 

Given A = (A\, . . . , A p ), d = (d±, . . . , d p ) as before and an index h G 
{1, . . . , k}, we define A' = (A[, . . . , A' p ), d = (d[, . . . , d£) by: 

, _ r a„ if h^Aj , _ r dj, it m a,- 

J \ Aj \ {/i}, if /i G Aj ' °J | dj — 1, if h £ Aj ' 
Lemma 2.9. The map 

Ph ■ rfj™, {xi, ■ ■ ■ ,x k ) ^ {x u . . . ,x^, . . . ,x k ) 

has local sections with path- connected fibers. 

Proof. Let us suppose that h = k and k G {A\ n ... PI A/) \ (Aj+i U . . . U Ap). 
Then the fiber of the map pr^ : T k ' n — > F k _'™ is 

pr^\x u . . . , x fe _i) « CP n \ (L[ U . . . U L\ U {x u . . . , x k ^}) 

where V- = span(xj) ■ Even in the case when dimL,- = n, we have 
dimL^ < n, hence the fiber is path-connected and nonempty. Fix a base 

point x = (xi, . . . , Xfc-i) G PfcL'™ and choose x k G CP ra \ (L[ U . . . U L' p U 
{xi, . . . , Xfc_i}). There are neighborhoods of L'- (J = 1, . . . , I) such that 
Xfc ^ L" if L" G Wj-; we take a constant local section 

i 

s:W = g-\(CP n \ {x k }) k ~ l x J] Wi) P^' n 

i=i 

(yi, • • • ,2/fe-i) >-> (yi, • • • ,yk-i,x k ), 

where the continuous map g is given by: 

9 ■ Fk-i -> (CP 11 )*" 1 x Gr<(CP n ) x ... x Gr^(CP n ) 

(yi, • • ■ ,yk-i) ^ (yi, • • -,yk-i,L", . . .,L p ), 

and Lj = span{^} i6A / for j = 1, . . . , /. □ 
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Lemma 2.10. Let p : B — > C be a continuous map with local sections 
such that C is path- connected and p~ l {y) are path- connected for all y € C . 
Therefore B is path- connected. 

Proof. For any b 6 B there exists a neighborhood W of p(b) and a section 
s : W — > B such that s(p(b)) = bo. We can join b with any point b' in 
V = p~ 1 (W) by a continuous path: 6 to bo and 6' to b' = s(p(b')) in fibers 
and bo to 6q using a path in C and the section s. For any 61,62 £ 5, a 
path in C from p(6i) to ^(62) can be covered by finite open sets of the type 
described before and next we apply the previous construction. □ 

Proposition 2.11. The space J~^' n is path- connected. 

Proof. Use the previous Lemma and induction on p and d\ + d2 + • • • + d p . 

use Lemma 12.71 and the space J~l^i which is path-connected. If Ap 
is not included in A\ and d p > 3, delete a point in A p \ A\ and use Lemma 
[2T9land l2TT0l If A p C A 1 or d p < 2, use Example [M (3) and (4). □ 

Lemma 2.12. The homotopy class of the map 

7 : S l — > J-fc+^CP 1 ), 7 (^) = ([* : 1], [2z : 1], . . . , [kz : 1], [1 : 0]) 
corresponds to the following pure braid in 7ri(J r / c _)_i(CP 1 )): 

[7] = 012(013023) • • • {aik<y-2k ■ ■ ■ a/c-i,fc) = D k . 

Proof. The loop 7^+1 in J r fc +1 (CP 1 ) given by 

z^([z:l],[2z:l],...,[kz:l],[l:0]) 
fixes the point at 00 and gives the pure braid in C 

ii— ► (e 2nit ,2e 2nit ,...,ke 2nit ) 

By induction we assume that the class [7^] in J-^CP 1 ) is given by the 
element (o~\ . . . o~k-2) ■ ■ ■ is } X <T 'i) a \ (°~2°~ 1) • • • (&k-2 ■ ■ ■ where the /c— points 
in CP 1 are 2, 3, ...,k and 00. In Pfe + i(CP 1 ) we introduce a new strand 
corresponding to the point 1. The image of the j— strand t — > [je 27Tlt : 1] 
lies on the cylinder \z\ = j, t £ [0,1], therefore the image of the strand 
corresponding to 1 is interior to all the other cylinders and can be deformed 
to a straight line segment, like in the next figure 
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12 ... k OO 




12 ... k 



In the diagram of the pure braid [7jfc.fi] we can start with k — 1 intersections 
of first strand with the second,..., with the k— th strand, next add the 
diagram of [7^] (the first strand corresponding to 1 is in the k— th position, 
so the word pyjt] is unchanged) and end with the second intersections of the 
first strand with the other k — 1 strands. This gives the representation of 
[lk+l] = (o-i---o-fc-i)[7fc](c r fc-i--- cr i)- Hence 

hk+l] = (Cl0"2"0fc-l) • • • (<7l(T 2 (T3)(<7l<72)(T?(CT2<7i)(cr3Cr20-l) • • • iP'k-l-^l) 

= ai2(ai3«23) • • • (aifcQ!2jfc»Q:jfc-i,jfc) = D k = A 2 k 
(see Appendix for the last equalities). □ 

3. Proofs of Theorem 11.11 and Theorem 11.31 

The complex Grassmannian manifolds Gr k (CP n ) are simply connected 
and the second homotopy group is stable (n > k + 1) 

Z ^ 2 (CP 1 ) 4 7r 2 (CP fe+1 ) 4 7r2(Gr fe (CP fe+1 )) 4 7r 2 (Gr*(CP n )) ) 
so we can choose the map 

g-.iD^S^^iGr^CP"),^) 

g{z) = L z , L z :(l- \z\)X - zX 1 = 0,X k+2 = . . . = X n = 
as a generator of iT2(Gr k (CP 71 )) . 
Lemma 3.1. For i < min{/c,n — 1} we have 

Ti^'+t 1 ) -M^k+i) ■ 
Proof. The canonical embedding 

cp i+i — y cp n^ [ ZQ : . . . : Zi ] ^ [ ZQ : . . . : z . : : . . . : 0] 
induces the following commutative diagram of fibrations 
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P 



fc+i- 



P 



k+l 



Gr l (CP 



i+l\ 



P 



k+l 



^k 



Gr^CP 71 ) 



and the result is obtained from the commutative diagram of homotopy 
groups 



■ ft I {•'k+l ) 1 



'Trip 7 , 



l,n \ 
k+l i 



□ 



1. 



The top dimensional strata are simply connected. 

Lemma 3.2. For any k we have ^(J^ -1, ) = ^(P^i^ 

Proof. The proof is by induction on k and uses the fibration of Lemma [27 
with contractible fiber CP k \ CP k ~ l and the fibration 

Gr fc_1 (CP*) 



T k-l,k 
J'k ^ J~k 



For k = 1, TT!^ ' 1 ) = TT^CP 1 



1 and ttiCTJ' 1 ) = tq^CP 1 )) = 1. The 
later fibration gives vri(P^ _1 ' fc ) = 1 and the former gives 7Ti(P^ 1 ) = 1. □ 

The next result covers the simply connectedness cases of Theorem 11.11 

Proposition 3.3. 7ri(P^' n ) = 1 for i > 2 and k > i + 1. 

Proof. To prove that J- 1 ' is simply connected we use Seifert-Van Kampen 
theorem [H] for the finite open covering P^'* = = {A}, A G 

)}• By Lemma [3721 we have ^(P*^) = 1 and using fibrations as in 
Lemma 12.71 we obtain 

TTiOFfc-i-iCCP* \ {i + 1 points})) -)• 7ri(-^ A},i ) -»• ^(P*^) , 

all the pieces of the covering are simply connected: the fiber p£_j_i(CP l \ 
{i + 1 points}) is simply connected for i > 2 because CP 1 \ {i + 1 points} 



is simply connected (for the special case k = i + 1, P. 
every intersection P, 



{A},i 



Pi 



{Ai},t 



n...np 



{A r },i 



i+U 



Also, 



Pf ,l (where .4 = {Ax, . . . , A r }) is 
path connected. Using the fibration in the proof of Lemma 13.11 7Ti(P^' 1 ) = 1 
implies 7Ti(P^' n ) = 1 for n > i > 2. □ 
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Using the geometrical fibrations introduce in previous section we start the 
inductive proof of Theorem 11.11 

3.1. Proof of Theorem 11.11 From Lemma 13.21 P^'^. P^'^ 1 are simply 
connected spaces, and for k > 1 P^ = P^CP 1 ), so we have the classical 
result (see [F]) 

^(-O =< <*ij,l<i<j< k\(YB3), (YBA),D 2 k = 1 > . 

Using Proposition 13.31 we have TTi(J-'^ n ) = 1 for n > i > 2,k > i + 1 and 
Lemma [XT] implies ^(J-^V^) = ^(P^^), (h > 1), so we have to compute 
J~k+V Consider the following fibration (see Proposition I2.2|) 

with fiber P^CP 1 ). Since vr^Gr 1 (CP 2 )) = 1 and ^(Gr^CP 2 )) = 
7T2(CP 2 ) = Z, the homotopy exact sequence 

... — ► TraCJ-gj) — ► Z^vn^+^CP 1 )) — ► ^(P^) — > 1 

gives ^(P^) = 7Ti(P fc+ i(CP 1 ))/</m ( 5 ;(! }. 

Let [g] be the generator of ^(Gr 1 (CP 2 ) , L\), L\ is the line Xy = , 

c: (P 2 ,^ 1 ) — ► (Gr^CP 2 ),^), z^L, : (1 - |z|)X„ - zX 1 = . 

We choose the lift g 




g(z) = ([z : 1 - \z\ : 1], : 1 - \z\ : |], . . . , [z : 1 - \z\ : \), [z, 1 - |z|, 0]) and 
the image S*[g] is given by the restriction J = g\g 1 : S 1 — > P/ c+ i(CP 1 ) 

l(z) = {[z: 1], [z: \), . . . , [z: ±], [1 : 0]) = ([* : 1], [2* : 1], . . . , [A* : 1], [1 : 0]). 
By the Lemma l2.121 [7] = ai2ai3«23 • • • <*ik ■ ■ ■ a k~i,k = Dk, hence we obtain 
M^k+i) =vri(P fc+ i(CP 1 ))/</m^> 



ctij , i < i < j < k 
oiij , i < i < j < k 



(YB3) k ,(YB4) k ,D 2 k = l,D k = l) 
(YB3) k ,(YB4) k , D k = l). □ 



Proof of Corollarv tl.21 In 7Ti(P fe ^ 1 ) a ; ) we have ( 2 ) generators { a ij) i <i< j <k 
and one relation: 2(a\2 + «i3 + ^23 + ■ • ■ + Ofc-i,jfc) = 0. Changing the last 
generator a k -i,k with a = 012+013+123+- • -+ctk-l,k we obtain a presentation 
ofZv2) -1 eZ 2 . In the second case a k -i k can be eliminated. □ 
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Example 3.4. For k = 2 we have tt^F^ 2 ) = 1, ^(J 7 ^' 2 ) = Z; for k = 3, 



7r i(- 7r 4 1 ' 2 ) 



F 2 . 



For k = 2, ^(^(CP 1 )) = 1 (see [B2]). Using ^(GV^CP 2 )) ^ Z and 
the fibration ^(CP 1 ) -> jj' 2 -»• Gr^CP 2 ), we have 



7r 2 (JR 



1,2\ 



<5* 



7Tl(^ 



1,2n 



since the image of 5* contains D% = a\2 (see Lemma f2 . 1 2 [) . 5* is surjective 
and 7Ti (.P3' 2 ) = 1 and also ^(•Fg' ) = Z. 

For k = 3, vri(J r 4 ' ) is generated by 012,013,023 with defining relations 

012013023 = ai3a23«12 = 023012013 = 1, 

therefore any of Oy can be discarded: ^(J 7 !' 2 ) = F(ai2, 023) = F(ai3, 023) = 
F(ai2,oi 3 ). □ 



Remark 3.5. For any continuous maps f,g:S 2 ^-S 2 without fixed points, 
there is an x £ S 2 such that f(x) = g(x). More generally, for any map 
F : S 2 — > J-3(S 2 ), the three projections prj o F are homotopically trivial. 

Proof. The composition ^(S 2 ) — > ^2{Fs{S 2 )) — ^^(S* 2 ) is trivial. □ 



3.2. Proof of Theorem \TM First we have 7ri(d ,n ) = S fc for 2 < i < 



min(A; + l,n) as a consequence of Theorem 11.11 and the regular covering 

-r-i,n 

p:F k ' 



C k n . Next we have 



■Ki(C k ' +1 ) = iTi(C k+ i(CP 1 )) = B k+ i/(ai . . . o- k -ia 2 k a k -i ...ai = l). 



Finally we have to compute vri(C^ 1 ) for n, k > 2. The following commuta- 
tive diagram of the fibrations and coverings 



fc+1 



{*} 



T 



1,1 
fc+i- 



F, 



l,n 
fe+l 



Gr x {CP n ) 



C 



1,1 
fc+i 



C 



l,n_ 

fc+1 



Gr x (CP n ) 



induces the commutative diagram of homotopy groups 
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1 1 

I I 



E 



fc+i 



* *i(C&) TriO 1 



1 1 

Since Im5* =< >, the left square gives Im5l =< A| >, therefore 

— Bk+l/ (CTI . . . CTfe_lCr|cTfc_l . . . (Tl, (<7lCr 2 <7l . . . CTfc-1 . . . 0"i) 2 ). □ 

Proof of Corollary ll.4[ The abelianized group vri(C^ 1 ) a fe is generated 
by (si) i=1 k and the relations Sj+i = Sj and 2(si + . . . + Sf.) = and this 

gives a presentation of Z 2 k- The group "^(C^+i)^ has again one generator s 
and the relations 2ks = and /c(/c — l)s = 0. The greatest common divisor 
of 2k and k{k — 1) is k for fc even and 2k for odd, hence the result. □ 



4. Pappus' Configurations 

Let us define the space of Pappus' configurations (in CP 2 ) by 
V = {(A 1 ,B 1 ,C 1 ,A 2 ,B 2 , C 2 ) G 7$*\(Ai, B u Q) G J**, A h B u Q ? /} 
(here I = d\ n cfej where is the line containing Ai,B{,Ci, i = 1,2) 
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and also the space of Pappus ' configurations with a fixed intersection point 
I G CP 2 as 

V I = {(A 1 ,B 1 ,C 1 ,A 2 ,B 2 ,C 2 )£V\d 1 nd 2 = l}. 

In order to find the fundamental group of V and Vi we apply the same 
method: define two fibrations and use their homotopy exact sequences. 

Lemma 4.1. The following projection 

T-.V^CP 2 , (A 1 ,B 1 ,C 1 ,A 2 ,B 2 ,C 2 )^ I = d 1 Dd 2 

is a locally trivial fibration with fiber Vi ■ 

Proof. Choose a line I C CP 2 \ {I } and the neighborhood U x = CP 2 \ I 
of 1°. For a point I in this neighborhood and a Pappus' configuration 
(A\, P°, Cf, A®, B®, C 2 ) on two lines d\,d 2 containing 1°, construct lines 
di, d 2 and the configuration (Ai, Pi, C\, A 2 , P 2 , C 2 ) as follows: consider the 
points Di = I t~) d® and Q = I n II and define di = IDi, Ai = di n QA\ 
and in the same way Bi,Ci (i = 1,2). We describe this construction using 
coordinates to show that the map 

(Ai,B®,C 1 ,A 2 ,B 2 ,C 2 ) !->■ (Ai,B 1 ,C±,A 2 ,B 2 ,C 2 ) 

has a continuous extension on the singular locus (d® U d^) \ I. Choose a 
projective frame such that 1° = [0 : : 1], I : X 2 = 0. If I = [s : t : 1] 
and A® = [m : -rm : a,], P° = [m : -nii : bA, Cf = [ni : -nii : 
(ai,bi,Ci and are distinct and also m\n 2 / m 2 ni), then we define Ai = 
[ni + sai : -nii + ta-i : a,], Bi = [m + sbi : -m* + t&j : 6j], Cj = [n, + sci : 
—nii + tci : Cj] (i = 1,2), and these formulae agree with the geometrical 
construction given for nondegenerate positions of I € CP 2 \ (di U d 2 U I). 
The trivialization over Ui is given by 

<t>:Ui xV l0 ^T^^o) 
0(7, (A°, P?, C°, A°, P 2 °, C 2 )) = (Ax, Pi, d, A 2 , 52, C 2 ). 

□ 

Lemma 4.2. TTte projection 

A : -> ^(CP 1 ), (Ai,Bi,C\,A 2 , B 2 , C 2 ) ^ (d u d 2 ) 
is a locally trivial fibration with fiber ^(C) x ^(C). 

Proof. Choose a point Q in CP 2 \ (d® U d\) and the neighborhood Uq = 
{(di,d 2 ) € ^(CP 1 )!^ £ di U d 2 }. The trivialization over Uq is given by 

4>:U Q x P 3 (d?) x P 3 (^) -> A _1 (Wq) 

^((di,d2),(A?,B?,(^),(A§,B§,C§)) = (A 1 ,B 1 , Ci,A 2 , P 2 ,C 2 ), 

where Aj = dj n QA\ and similarly for Pj, Q (z = 1, 2). Obviously, Aj, Pj, 
and / are four distinct points on dj. □ 



14 BARBU BERCEANU, SAIMA PARVEEN 

Choose in P/ = [ 0: oa] the base point p = (A?, £?,Cf, A° 2 , B%,C$) where 
A? = [1 : : = [2 : : 1],C? = [3 : : 1],A° = [0 : 1 : 1], B 2 ° = [0 : 2 : 

1],C 2 ° = [0:3:1]. 

Proposition 4.3. The fundamental group ofVi is given by 

ni(V I , P o)=VB 3 x¥ 2 . 
Proof. Lemma 14.21 gives the exact sequence 

. . . -> MMVP 1 )) -^TiC^aCC) x J- 3 (C)) — ► ttiCT'x) — > 1, 

where the first group is cyclic generated by the homotopy class of the map 

A : {D 2 , S 1 ) -> .Fa (CP 1 ), z •-> ([1 - |z| : z], [z : |z| - 1]) 

(that means the two lines through I = [0 : : 1] are d%{z) : (1 — |z|)Xq + 
zX\ = and d%{z) : zXo + (|z| — 1)X\ = 0). The second group is generated 
by {aij,a- }i<j<j<3 where 



Al £° C? A? B° C? A? B° (7° 



«12 




"13 



«23 




the points moving on the line d[ : X\ = 0, respectively 




the points moving on the line d!] : Xq = and it has the presentation 
7ri(J- 3 (C)xJ- 3 (C)) {a ih a' i:j , l<i<j< 3| (YB3) aij , (YB3) a ,. , [ aij , a' pq ] = l). 

We choose the lift A : {D 2 , S 1 ) -»■ (Vi, F 3 (d? \ *°) x -F 3 (d§ \ /0 ))> 

z i-)- ([z : |z| - 1 : 1], [z : \z\ - 1 : |], [z : \z\ - 1 : §], [1 - |z| : z : 1], [1 - |z| : 
z : g]) [1 — |z| : z : 3]), hence 7m<5* is generated by the class of the map 

A| sl : S 1 T-g (d° \ 7°) x T 3 (d° 2 \ 7°), z ^ ((z, 2z, 3z), (z, 2z, 3z)) , 

and this is (.D3, (U 3 ) _1 ) (see lemma [2.12h . The group iri(Vi,po) is gener- 
ated by Pij,P'pq, the images of aij,a' pq , with relations (YB3)p i:j ,(YB3)pi., 



Braid groups in complex projective spaces 15 

\Pij,f3'] = 1 and /3i 2 /3i 3 /3 23 = fi\i$\z$'2&- can be eliminated and we find 
the relations (YB3)/3 i:j , [f3ij , (3' pq \ , and this gives the presentation of the direct 
product VB 3 x F 2 . " " □ 

Remark 4.4. The generator f$\i of k\{Vi) is given by the loop 




I 



and there are similar pictures for /?i3, ,$23, P\2iPiz- 

Proof of Theorerr il.51 Lemma 14.11 gives the exact sequence 

... — ► 7T 2 (CP 2 ) -S7ri(P 7 ) — > 7q(P) — > 1, 

where the first group is cyclic generated by the homotopy class of the map 

7 : (D 2 , S 1 ) -> (CP 2 , [0:0: 1]), z \-> [0 : 1 - \z\ : z]. 

We choose the lift 7 : (P 2 ,^) -»• (P,Vi), 7(2) = ([1:0: 1], [2 : |z| - 1 : 
2 - z], [3 : 2|z| -2:3- 2z], [0 : 1 - \z\ + z : \z\ - 1 + z], [0 : 1 - \z\ + 2z : 
2|z| — 2 + 2], [0 : 1 — \z\ + 3z : 3\z\ — 3 + z]), hence Im5* is generated 
by the class of the map j\ sl : S 1 ->■ P/, z (-> ([1 : : : : 

1], [3^ : : 1], [0 : z 2 : 1], [0 : 2z 2 : 1], [0 : 3z 2 : 1]); the images of the 
loops z i — y g^j) z ^ are two cirles around the constant loop z 1— y 1 
and the first circle is included in the second one. As in Lemma 12.121 we 
find ^[7] = (/3i 2 /3i3/323)(/3( 2 /3l 3 /523)" 2 = (fafafa)- 1 , therefore /3 23 can be 
eliminated and this gives the presentation of the direct product F 2 x F 2 (the 
generators are /3i2,/?i3 and /3[ 2 ,/3 13 ). □ 

Define the space of Pappus ' configurations (in CP n ) by 

= {(^4i, Pi, Ci, ^4 2 , P 2 , C 2 ) € Pg' n | (t4j, E>i,Ci) £ J-^' 71 , Ai, Bi,C{ 7^ P} 
(here 7 = di n d 2 , where dj is the line containing A^, B^, Ci, i = 1, 2). 



Theorem 4.5. vri(p(")) ^ vri(P) =■ F 2 x F 2 . 
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Proof. Using the fibration (the proof is like in Proposition I2.2p 

V = V {2) — > V {n) — > Gr 2 (CP n ) 

first we find that tti(P^) = 7ri(P^) for n > 3 (like in Lemma El]) and 
secondly, in the fibration V — > "P 3 — > Gr 2 (C-P 3 ), the boundary morphism 
vr 2 (Gr 2 (CP 3 )) -> 7Ti(P) is trivial: take as generator of ir 2 (Gr 2 (CP 2 )) the 
class of fx : (D 2 , S 1 ) -> (Gr 2 (CP 3 ), #1) , z H z : (1 - |z|)X + zX 3 = 0, 
and choose the lift Jl : (D 2 , S 1 ) -> (V^ 3 \V), z (->• ([z : : 1 : \z\ - 1], [2z : : 
1 : 2|*| - 2], [3z : : 1 : 3|*| - 3], [0 : 1 : 1 : 0], [0 : 2 : 1 : 0], [0 : 3 : 1 : 0]) , and 
54M|si]=/3l2A3A3 = l- 

□ 

5. APPENDIX 

In this Appendix we recollect different formulae in braid groups involv- 
ing the braids a\ . . . a k , o k . . . o\ (consecutive factors) and Garside braid A n 
and also direct proofs of these relations scattered in the literature ([B2,G,M1]). 

Lemma 5.1. (1) {<j\ . . . a k )cji = o i+ i(oi . . . cr fe ) for i = 1, . . . , k - 1 ; 

(2) (cr fe . . . 01)0-1 = (Ti-i(<Xk ■ ■ ■ cri) for i = 2, . . . , k ; 

(3) (a k ■ ■ ■ o-io-i • • • o- k )o-j = (Jj(a k . . . a 1 a 1 . . . a k ), for j = 1, . . . , k - 1 . 

Proof. These equalities are direct consequences of braid relations 
o~iO~j = o-jO~i, V i,j = l,...,n — l with \i — j\ > 2 
0-i0- i+ i0-j = <Ti+i<Ti<Ti+i for i = 1, . . . , n — 2. 

□ 

In the next Lemma there are given some symmetric words in the diagram 
of Garside braid A n ; the first one is the smallest in the length- lexicographic 
order, the last one is the greatest. 

Lemma 5.2. We have the following representations of the fundamental 
braid A n 

A n = 0-1(0-20-1) ... (cx n _i ... (Jl) 
= (0-1 . . .<r n _i) . . . (0-10-2)01 

= (<7" n -10Vi-2 • • • 0"l)(c r n-lC r n-2 • • • C 2 ) . . . (0- n _i0- n _ 2 )o"n-l 
= 0'n-l(o'n-2fn-l)(c r n-3fn-20'n-l) • • • (<7"1 • • • 0"n-l)- 

Proof. Let us denote A' n ,A'^ and A"' the second, the third and the fourth 
word respectively. We will prove by induction = A"', A" = A n , A'" = 
A n . We will denote the shift of a word a; by Sw (for example, if w = 
X1X2X4X3, = X2X3X5X4). 

For n = 3, A3 = A 3 = o\020\ = oio~\o~2 = A3" = A3. Suppose that 
for k < n, we have A& = A' fc = A' fc ' = A^'. Applying Lemma (l5.H (a)) on 
(0-1 .. . o n - n ) . . . (0-102)0-1 we get 
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A' n = (cri . . . cr„_i) . . . (cri<r 2 )cri 

= (ct 2 . . . 0"„-l) • • • (c^O^O^Ci • • • &n-l) 

= (SA;_ 1 )(cr 1 ...cr n _ 1 ) 

= (SA^ 1 )(CT 1 ...CT„_ 1 ) = A-. 

Applying Lemma (|5TTl(b)) on (cr„-_ic7 n _ 2 . . . cr 2 ) . . . (<7 n _iO- n _ 2 )o- n _i we get 

A" = {°n-\0n-2 ■ ■ • ■ ■ ■ ^2) ■ ■ ■ (Cn-lO"n-2)o"n-l 

= (cTji-2 • • • CT X ) . . . (<7 n _ 2 <X n _ 3 )cr n _ 2 (cr n _l • • • 

= A^_ 1 (cr n _ 1 . . . cji) = A„_i(cr„_i . . . in) = A n . 

Finally, use the symmetry given by conjugation with A n (A n cjj = a n -iA n ): 

A n = AnOiOiaa) . . . (o- n _i . . . cr^A" 1 = A£'. □ 

Now we give some formulae for A^ using braid generators o~i (the first 
one gives the smallest word ) and also pure braid generators ctjj (the last 
one is the smallest in the length lexicographic order given by a\2 < 013 < 

• • • < On-l.n)- 



Lemma 5.3. VFe have the following representations of A 



= 0"?(cr 2 crftT2) . . . {o n -\o n -2 ■ ■ ■ a 2 o-ja2 ■ ■ ■ cr n _ 2 0"n-i) 
= (cr n _i . . . a 2 o\o2 ■ ■ ■ cr n -l) ■ ■ ■ (cr3cr 2 <7?CT 2 cr 3 )(o-20"i0"2)o"i 

= (01O2 ■ ■ ■ CT n _i) . . . (criCr 2 CT3)(c7iCT2)cTf ((T2CTl)(tT3tT2tTi) . . . ((T n _i . . . a 2 CF 1 ) 
= (CJI . . . CT n _i) n = (cr n _l . . . Ol) n 

= (ai )(«ln-l • • • «n-2,n-l) • • • (ai3«23)ai2 

= «12(ai3a23) • • • {ct\nOL2n ■ ■ • "n-l.n)- 

Proof. Let A n , B n , C n , D n , D' n , E n , F n be the above seven words respectively. 

An = 0~l(o~20~lO~2) ■ ■ ■ (o~n—lO~n—2 ■ ■ ■ 0~20~\0~2 ■ ■ ■ "n— 2"Vl— l) 
= ^n-l( a n-l ■ ■ ■ 0"20"l)(0"l • • • &n-l) 

= A n _i(A n )(cri . . . cr n _i) = A n _i(cr n _i . . . cri)A„ = A 2 n 
B n = (oVi-i • • • o- 2 o-\a 2 ■ ■ ■ c n _i) . . . (<T 3 cr 2 o"iO'20"3)(o"2criO"2)o'i 

= (fn-l • • • 0"2C r l)(0'l • • • CT n _i)A^_ 1 

= (<T n _! . . . a 2 cr 1 )(ai . . . a n ^ 1 )A' n _ 1 A' n _ 1 

= (&n-l ■ ■ ■ (J 20'i)A' n A' n _ 1 = A n (ai . . . <T n _i)A^_ 1 = A n 



and 



C n = A'A n = A 



In the product of n brackets of D n we move cr n -i from the first bracket n — 2 
times (just before the last bracket) and this becomes a\, then we continue 
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this process with cr n _i of the second bracket and so on; we obtain 

D n = {aia 2 ■ ■ -cr n _i) n 

= (a i . . . (7 n _2)(cri . . . cr„_i) . . . (a i . . . (J„_i)<Ti(cri . . . cr n _i) 

= (fl . . . <7„_2)(ci • • • Cn-2) . . . (<Tl . . . a n -\)G20\{u\ • • • <J n-l) = 

= (fl ■ ■ ■ 0Vi-2)(ci • • • CT n _ 2 ) • • • (Cl • • • Cji-2)(Cn-l • • • (T\){(T\ . . . cr n _ 2 ) 

= D n -i(a n -i . . . <7i)(<7i . . . cr n _ 2 ) 

= ^4n-l(c r n-l ■ • • f l)(ci • • ■ Cn-2) = ^n- 

= AnDnA- 1 = D n . 
Using aij = Uj-iUj-2 ■ ■ ■ (Ti+iafa^i . . . crjli, we obtain after cancelation 

OL\ n OL2n ■ ■ ■ a n -l,n = {<?n-l<?n-2 ■ ■ ■ fl)(flf2 • • ■ Cn-l) 

and 

E n = (ain«2n • • • an-l,n)(ain-l • • • «n-2,n-l) • • • (ai3«23)"l2 

= (c r n-l0"ri-2--C r l)(c r l--C r n-l)(c r n-2--0"l)(0"l--0"n-2) • • • {^2^1 ) (ciC^Vl 
= -Bn, 

and 

-Pn = ^n-l(«ln • • • «n-l,n) = 5 n _i((7 n _i(7 n _2 • . • Cl) (<7i<T2 • • • Cn-l) = -B n . □ 
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